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Construction Tools: Interactive Function Graphs (Cont.) 


Extension: 


1. Explain the effect of each of the parameters a, b, and c on the shape of the graph of the general 
quadratic function y = aa? + bx + c. 


2 

2. The vertex of a parabola of the form y = ax? + bæ + c is the point ( = ,C— ). Using the 
coefficients of the function on the screen, compute the location of the vertex of this parabola 
and use Measurement Transfer to map these values to the x and y axis. (Remember to scale 
the y coordinate using the Scale Factor.) Locate the vertex as the point of intersection of two 
perpendicular lines, and then hide the construction lines. 


What is the locus of points of the vertex of the parabola as the values of a, b, and c are changed 
in the general quadratic function y = ax? + bx + c ? Explain algebraically why this happens. 


3. The standard form of a quadratic function is given by y = a(x — h)? + k, where a is the same 
vertical stretch factor as in the general quadratic form, and h and k represent the horizontal and 
vertical translation factors of the function. 


Repeat the construction of the graph of a quadratic function using this standard form. 
Investigate the effects of changing a, h, and k interactively. How will you find the vertex of the 
parabola using this form of the function? Explain. What is the locus of the vertex as the various 
parameters are changed? What is the algebraic connection between these two forms of 
quadratic functions? 


4, Using the same interactive graphing technique, plot the graph of a general cubic function of the 
form y = ax? + bx? + cx + d. Explain the effect of each coefficient on the shape of the graph. 


5. Using the same interactive graphing technique, plot the graph of a general sine function of the 
form y = a sin (b(x - c)) + d. Explain the effect of each parameter on the shape of the graph. 
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Consiruction Tools: Interactive Function Graphs (Cont.) 


Drag the point on the x axis to see whether the point of intersection follows the path of the 
graph. The locus of all the points of intersection is the graph of the function. You can change 
the units on the y axis at any time; the path of the intersection point will still trace the graph 
of the function correctly. 


Exploring the graph of the function interactively: 


Hide the construction lines and the result so that 
only the function, the points on the x and y axes, 
and the point of intersection are showing. Using 
the Trace tool, trace the path of the point of 
intersection by dragging or animating the 
independent point on the x axis (Figure 6). This 
path is the graph of the function for the current 
parameters (coefficients) and y axis units (scale). 


Turn Trace off. Select the Locus tool, and define 
the locus of the point of intersection (the graph 
tracing point) as the independent point on the x 
axis is moved along its path. The result of this 
command is the locus of points, constituting the 
graph of the function (Figure 7). Use Numerical 
Edit to change the parameters (coefficients) in 
the function definition, The graph of the function 
changes accordingly. On the Voyage™ 200, use (¢] 
and the cursor arrows to change the size of the 
number or to move the cursor in the Numerical 
Edit window. Use [$] © to increase the value of Figure 7 

the coefficient and [$] © to decrease the value. For 

large changes, edit the whole number part of each 

coefficient by placing the cursor to the right of the units digit. For finer changes in the graph, 
edit the decimal part of the coefficient by 0.1 units at a time by placing the cursor to the right of 
the tenths digit. 


When using Cabri Geometry II, choose Numerical 
Edit and click on the value you want to change. 
Place the cursor to the right of the digit you want 
to change by pointing and clicking with the cursor 
(Figure 8). Use the up and down arrow keys to 
change the values. You can also use the Animate 
tool on both the Voyage 200 and Cabri Geometry II 
to change the value of the coefficients. 


Figure 8: Cabri Geometry II screen 
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Introduction 


Bridget and Connie are freshmen in a geometry class. For the entire class period, they worked on 
a construction to determine a point such that the sum of the distances from the three vertices of a 
triangle is minimized. Using trial and error the day before, 
they determined a procedure to locate such a point. The 
log of what they had accomplished during today’s class 
period was blank. They were frustrated. Other students ; Bridaetoand Connie S 
were beginning to pack up their books. Connie and Bridget Conjecture 

were certainly tempted to do so. 


AP+BP+CP= 2.62979 


Partly out of desperation, Connie suggested that 
they try reflecting a vertex of the original triangle 
(point B in the figure) over a segment connecting 
two centroids of equilateral triangles constructed on the Bridget and Connie’s Conjecture 
exterior of two of the sides of the original triangle. They 

were excited when the image appeared to fall on top of the point they had found using a guess 

and check method. They quickly wrote the procedure and turned it in as the bell rang ending the period. 
The next day they eagerly continued their investigation, finding that the procedure worked for all 
vertices of every acute triangle they had time to explore. To support their conjecture, they logged what 
they had done. Several days later when members of the class were presenting what they had learned, 
Bridget and Connie reported their discovery with pride and confidence. When asked how they knew to 
try reflecting that particular vertex over this particular segment, Connie responded that it “looked like it 
might work” and that it was about the only thing they hadn't tried. 


Is this method the way geometry or any mathmatics course should be taught in secondary schools? 


George Polya addresses this issue in his treatise Mathematics and Plausible Reasoning (Polya, 
1954, pp. v—vi): 


“Everyone knows that mathematics offers an excellent opportunity to learn demonstrative 
reasoning, but | contend also that there is no other subject in the usual curricula of the 
schools that affords a comparable opportunity to learn plausible reasoning. | address myself 
to all interested students of mathematics of all grades and | say: Certainly, let us learn 
proving, but also /et us learn guessing. This is a little paradoxical and | must emphasize a 
few points to avoid possible misunderstandings. 


Mathematics is regarded as a demonstrative science. Yet this is only one of its aspects. 
Finished mathematics presented in a finished form appears as purely demonstrative, 
consisting of proofs only. Yet mathematics in the making resembles any other human 
knowledge in the making. You have to guess a mathematical theorem before you prove 
it, you have to guess the idea of the proof before you carry through the details. You have 
to combine observations and follow analogies; you have to try and try again. The result 
of the mathematician’s creative work is demonstrative reasoning, a proof; but the proof 

is discovered by plausible reasoning, by guessing. If the learning of mathematics reflects 
to any degree the invention of mathematics, it must have a place for guessing, for 
plausible inference.” 


Polya is referring to mathematical exploration, investigation, and conjecturing as the critical first 
steps in the learning process that concludes with the rigor of proof. Bridget and Connie experienced 
these first steps by guessing a solution while solving the minimum distance problem. 


© 2003 TEXAS INSTRUMENTS INCORPORATED Geometric Investigations on the Voyage™ 200 with Cabri v 


In the Curriculum and Evaluation Standards for School Mathematics (National Council of 
Teachers of Mathematics (NCTM), 1989), the NCTM recommends that the mathematics classroom 
become more like a science classroom where students explore, investigate, conjecture, and verify 
mathematical ideas using techniques like the scientific method. Only when an appropriate 
classroom atmosphere is created will students be able to participate in learning mathematics the 
way it was first discovered—by inferential reasoning—in the way Bridget and Connie did. This 
learning process allows students the opportunity to make mathematical ideas their own, not just to 
memorize someone else’s work. Students may rediscover relationships and truths that have been 
known for over 2500 years, but their perspective is sparklingly fresh. The newly discovered truth is 
as vital and alive today as it was the first time it was known by a human mind. If real learning that 
recreates the active process of mathematical discovery is to be part of the classroom experience, 
then students must experiment, investigate, and conjecture so that they are ready to explain ideas 
and relationships and eventually prove theorems. 


The Voyage™ 200 is a tool that helps create a classroom atmosphere for both students and teachers 
that encourages mathematical discovery through plausible reasoning. This tool allows students to 


learn by inductive reasoning based on evidence from multiple examples, experiments, and patterns. 


It also allows students to investigate curricular topics from both geometry and algebra and to 
explore the connections between topics. The interactive nature of the Voyage 200 encourages 
the type of exploration Bridget and Connie used to discover the solution to their problem. There 
is no way to determine all the possible relationships that students can discover, given the proper 
tools and sufficient time to conduct their myriad of investigations. Virtually every time problems 
of this type are presented to a group of students or teachers, each group can discover new facts 
about the problems, draw new ways to visualize a relationship, or find new ways to solve the 
problem. This is what makes the Voyage 200 such an exciting tool for learning and teaching 
mathematics. The Voyage 200 can empower students from the middle grades through college to 
explore the famous and not so famous problems of yesterday and today and to extend their 
knowledge to levels not previously possible. 


The explorations in this book are intended to promote an environment of inquiry through 
thought-provoking, open-ended problems. There is no intended order of topics. Any exploration 
can be used where it fits into your program. There is no suggested time for an exploration. Some 
students may think about a given problem for weeks or months, coming up with new insights and 
interconnections as they consider other problems. It may be appropriate to present one 
exploration, or part of one, each grading period as a group or individual project. 


No matter how you use these activities, the emphasis should be on exploration—trying anything and 
everything that comes to mind. Once the discoveries are made, ask students to explain why they are 
true. Depending on the ability level of the students, these explanations could be anything from 
statements of the findings to detailed proofs. But remember, like real mathematics in the making, 
proof should be the final step in the discovery process, not the first. 


Charles Vonder Embse 
Arne Engebretsen 
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Construction Tools: Interactive Function Graphs (Cont.) 


For Cabri Geometry II, select Numerical Edit and write the numbers 1.1, 1.2, and 1.3 in an 
open area of the screen. Create a Comment box, and start writing y = . When you need one of 
the parameters, point at it and click to include the 


number in the Comment box. Continue writing the 
function definition x*2 + (include number) x + Scale Factor= 5.00 
(include number) in the Comment box (Figure 3). 

When you finish, drag the Comment box anywhere 


on the screen. The parameters in the Comment box (1.57 , 0.00 ) 


are independent of the original values on the screen, 
so you can delete the original three numbers. Figure 3: Cabri Geometry IT screen 


y= 1.8 x^2+ 1.2 x+ 1.3 


4, Draw the function: Using the Calculate tool, 


now define the numerical value of the function for 
the given point on the x axis and the interactive 
parameters. The letters assigned automatically 

to various numerical values by the Calculate 

tool on the Voyage™ 200 or Cabri Geometry II 
should not be confused with the function's 
parameters a, b, or c. Figure 4 shows the computation 
of the correctly scaled function value (result is Š 7 

R: 0.87) for the x coordinate 0.83, based on the OTEA 

function y = 1.1%? + 1.2% + 1.3. Each time the x value MAN meae a 

is needed in the computation, the x coordinate of the Figure 4 

point on the x axis is used. The entire computation is 

divided by the Scale Factor to adjust the result to a 

measurement in centimeters. 


Using Measurement Transfer, transfer the result onto the y axis. This value transfers as a 
length in centimeters, not as a coordinate; this is why you needed to scale the y axis using the 
calculated Scale Factor. The other bonus for scaling the y axis in this manner is that you can 
now change the scale on the y axis at any time and the graph will still be drawn correctly. 


The result of this computation is the scaled distance 
from the origin to a point on the y axis, representing 
the function value for the given point on the x axis. 
Because all of the parameters and the independent 
variable have been defined interactively, as you 
move the point on the x axis, the corresponding 
function value on the y axis changes, based on the 
current parameters. 


Draw lines perpendicular to the axes at the points 

on the x and y axis representing the independent and 
dependent values of the function. The intersection 

of these two perpendicular lines is a point on the graph 
of the function (Figure 5). 


Figure 5 
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Construction Tools: Interactive Function Graphs 


You can explore quadratic functions of the form y = ax? + bx + c or y = a(vw— h)? + k by drawing 
multiple graphs using different values for the parameters a, b, c, h, and k. Each member of this 
family of graphs is an individual object. However, the general statement of a function implies 
that there is only one graph of the function that changes dynamically as the values of these 
parameters change. The graph of the function should change shape dynamically as the 
controlling parameters change interactively. The Voyage™ 200 and Cabri Geometry II allow you 
to do this for any function. 


Task: 


Draw a dynamic graph of the function y = ax? + bx + c with interactive parameters a, b, and c. 


Construction: 


1. Define the domain of the independent variable: Show the rectangular coordinate axis on 
the screen. Draw a segment on top of the x axis from the left to the right edge of the screen. 
This segment controls the domain of the independent variable, x. Place a point on this segment 
near the origin, but not on it, and show its coordinates. Make sure the point is on the segment 
and not on the v axis. 


2. Seale the function to the graphics screen: Place a point on the positive y axis and show its 
- coordinates. Measure the distance between the origin and this point. Using the Calculate tool, 

create a Scale Factor by dividing the y coordinate of the point by the distance from the origin 
to the point (Figure 1). In the default scale, the 
Scale Factor = 1.00 because the coordinate 
system corresponds to the actual length in 
centimeters. If you drag a y axis unit to change 
the scale of the y axis, the scale value you 
created changes, giving you a value representing 
the number of coordinate units on the axis per 
centimeter of actual distance. Hide the point on 
the y axis, its coordinates, and its distance from 
the origin. Save the Scale Factor for later use. 


3. Write the function definition: On the 
Voyage 200 with Cabri, select Numerical Edit 
and write the numbers 1.1, 1.2, and 1.3 in an open 
area of the screen. Use a Comment box to write 
y =. Drag the first parameter into position after 
this comment. Next, use another Comment box 
to write x*2 + . Drag the next parameter into 
place following this comment. Finally, add a 
third Comment box containing x + . Drag the 
last parameter into place immediately following 
this comment. The final result is a statement of 
the function definition with interactive Figure 2 
parameters, as shown in Figure 2, 
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Investigating Properties of Kites 


Definition: 


Kite—a quadrilateral with two distinct pairs CRI. FC peered TARA iil 
H 


of consecutive equal sides (Figure 1). 


R 


ee > 
i . oe B ee 
Construct and Investigate: ee pa + G ye J 
1. Determine three ways to construct a kite £ i 
; ABCD is a kite K 
by using the Voyage™ 200. Test your GHJK is a kite 
constructions by dragging independent HAIN TES ATT FIRE 


points of the kite to be sure that the figures 
remain kites under all conditions. 


Figure 1 


For each construction, determine the 
conditions under which the kite is convex 
and nonconvex. 


Conjecture as to the type of quadrilateral formed by connecting consecutive midpoints of the 
four sides of a kite. Test your conjecture by constructing such a quadrilateral, using a kite 
formed by one of your methods. Does your conjecture hold true when the kite is nonconvex? 


Draw the diagonals of a kite. List as many properties as possible that appear to be true about 
the diagonals of kites. Be sure to indicate properties that are true for both convex and 
nonconvex kites, as well as properties that are true for only convex kites. 


Investigate the more specialized kites: the rhombus and the square. Verify that all properties of 
kites also appear to be true for these quadrilaterals. 


Explore: 


1. 


Construct a kite using one of your methods. Measure its area. Is there a relationship between 
the lengths of the diagonals of a kite and the area of the kite? Test your conjecture on a variety 
of kites by dragging vertices of the kites. Write an explanation that proves your conjecture is 
true for all kites. Does your method hold true when the kite is nonconvex? Is this relationship 
between the diagonals and area true for any other types of quadrilaterals? 


Inscribe kite EFGH in rectangle ABCD so that H and F are at the midpoints of AB and CD 
respectively (Figure 2). 


What relationship exists between the area 
of the kite and the area of the rectangle? 
How does this relationship change as you 
slide E and G along the sides of the 
rectangle? If the area changes, when does 
it reach its maximum value? Explain. 


= RIF - FOR eat am 


+ 


As you slide E and G along the sides of the 
rectangle, how does the perimeter of the kite 
change? If the perimeter changes, when does Figure 2 
it reach its smallest value? Explain. 


DEG AUTO 
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Teacher’s Guide: Investigating Properties of Kites Teacher’s Guide: Building a Better Pet Run (Cont.) 


Construct and Investigate: Explore: 


1. This part of the exploration may be quite challenging for students, depending on their 1. Measurement Transfer allows the measurements 


mathematical background, creativity, and ability to persevere during trial and error. 
Collaborative efforts among groups of students are appropriate for this activity. Finding 
more than one way to accomplish a task often requires students to think at higher cognitive 
levels. It also results in a better understanding of the concepts being studied. 


The following are among the methods that can be used to construct a kite: 


Construct two intersecting circles. The quadrilateral that connects the centers of the circles 
to the points of intersection of the circles is a kite. 


Construct a segment and its perpendicular bisector. Place two distinct points on the 
perpendicular bisector, and connect these points with the endpoints of the segment to form 
a kite. 


Construct two isosceles triangles that share a common base and have two distinct third 
vertices. The pairs of equal sides of the isosceles triangles form a kite (excluding the base). 


Construct two segments that share a common endpoint and do not form a right angle. Draw 
a reflection line through the two endpoints that are not shared between the segments. 
Reflect the two segments over this line. The resulting quadrilateral is a kite. 


Construct a rectangle. Choose the midpoints of two opposite sides of the rectangle as two 
vertices of the kite. Draw a line parallel to the two chosen sides. This line will intersect 
either the rectangle or the extension of two sides of the rectangle. The quadrilateral formed 
by connecting these intersection points to the midpoints of the two sides of the rectangle 

is a kite. 


Reflect any triangle over any one of its sides. The two remaining sides and their reflections 
form a kite. 


2. Referring to the methods described in part 1 above, the kite will be nonconvex if 
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the centers of the circles are on the same side of the segment that connects their points 
of intersection. 


the two points on the perpendicular bisector are on the same side of the segment. 
the two isosceles triangles share a common base, but one lies inside the other. 


the two noncommon endpoints are on the same side of the line that is perpendicular to 
the reflection line that contains the common endpoint of the segments. 


the parallel line intersects the extensions of the sides of the rectangle and not the sides 
themselves. 


the altitude to the reflection side crosses an extension of the side of the triangle and not 
the side itself. 
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of width and area to be transferred to the x and y 
axes, respectively. The coordinates of point P, 
located at the intersections of the lines 
perpendicular to the axes through these two points, 
represent a width and corresponding area for the 
rectangle (Figure 8). As the width changes when you 
drag C, the area of the rectangle changes from zero, 
to a maximum value and then back to zero. Point P 
is on the graph of y = =x? + 3x. 


Trace point P to show the same type of information 
as the scatter plot of the data (Figure 9). 


The locus of point P, as C is moved along AB , is 
the portion of the parabola y = =x? + 3x, 
representing the problem situation with the 

domain 0 < x < 3 (Figure 10). Test this conjecture 
by taking any point on the locus represented by 

the coordinates of P and evaluating the function 

y = —x? + 3x at the chosen x. As shown in Figure 10, 
y = —(2.22)* + 3(2.22) = 1.73. Because the geometric 
model is scaled to 1 cm = 10 feet, the function 

for the area of the pet run is given by the model 

y =-x? + 30x. For a pet run 22.2 feet wide, 

A(22.2) = —(22.2)? + 30(22.2) = 173.2 ft?. 


Changing the length of the original segment AB 
redefines the basic conditions of the problem. 
Segment AB represents half the perimeter of the 
rectangle FGHK. If the length of AB is changed 

to 4 cm, then the fixed perimeter of FGHK is 8 cm. 
The area of FGHK changes between zero and 4 cm?, 
The function describing this width-area relationship 
is y = —x? + 4x because the length of the rectangle 

is given by l = 4- w. In Figure 11, for the point (2.93, 
3.13), A = -(2.93)? + 4(2.93) = 3.13. 


In general, the width of the rectangle is given by 
the expression | = c — w, where c is the length of 
“AB , or half the perimeter of the rectangle FGHK. 
Therefore, the general function representing the 
area of any rectangle with a perimeter of 2c is 
A(w) = -w? + cw. 


Area FGHK=3. 13cm? 
K FG=2. 93cm 


Figure 11 
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The graph of the model over the data shows that the 
graph passes through every data point (Figure 6). 


From your exploration, you know that the perimeter 
of the pet run is 60 feet. This can be expressed 
algebraically as: 


2l + 2w = 60, orl + w = 30, and then / = 30- w. 


By substituting into the general rectangular area 
formula A = lw, you get the expression: 


A = (80 — w)w = —w? + 30w. 


Because your geometric model is scaled to 

1 cm = 10 feet, the same relationship between 
length, width, and area exists, but it is adjusted 
for the Scale Factor in the following manner: 


A= (8 - w)w = -w? + 3w. 


This function is the same one you derived as a 
quadratic regression model that exactly fits the data. 
You can find the maximum value for this function 
graphically by using Zoom-In or the built-in tools 

of the Voyage™ 200 as shown in Figure 7, When 

x = 1.5, y = 2.25. For the pet run, when the width 

is 15 feet, the area of the pen is 225 ft?. This 
dimension represents a square because the width is 
also 15 feet. 


54 Geometric Investigations on the Voyage™ 200 with Cabri 


Teacher’s Guide: Building a Better Pet Run (Cont.) 


Pe eecnftracelResraph|athforsuly A| | 


TH 
Figure 7 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


3. The quadrilateral that connects consecutive 
midpoints of a kite will always be a rectangle 


(Figures 3 and 4). 


Draw either diagonal of a kite. The 
midsegments of the triangles formed by the 
diagonals of a kite are parallel to the base 
(the diagonal) and, therefore, are parallel 
to each other. This argument holds true for 
both diagonals, producing two pairs of 
congruent parallel lines. The result is an 
inscribed parallelogram. 


One way to define a kite is the sides of two 
isosceles triangles sharing a common base. 
By this definition, the diagonal connecting 
the third vertex of each isosceles triangle is 
the perpendicular bisector of the base, the 
other diagonal. Therefore, the diagonals are 
perpendicular and the parallelogram formed 
by the midsegments is a rectangle (Figures 5 
and 6). 


The diagonals of a kite are always 
perpendicular. In kite ABCD, AC bisects 
ABAD, ABCD, and BD , and lies on the 
line of symmetry of the kite. One-half the 
product of the lengths of the diagonals 
equals the area of the kite (Figure 7). 


All properties of kites are also properties of 
rhombi and squares because these figures 
are special cases of kites. (Students may 
wish to find properties of these figures that 
are not properties of kites.) 
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Teacher’s Guide: Investigating Properties of Kites (Cont.) Teacher’s Guide: Building a Better Pet Run 


Explore: Construct and Investigate: 


L. The area of a kite is always equal to one-half 1. The original line is used to control the position of the segment, so its length can be changed 


the product of the lengths of its diagonals 
(Figures 7 and 8). Because AABC = AADC, 
the two triangles have the same area. Together 
these two triangles make up the area of kite 
ABCD. 


Because AC bisects BD , BP = BD. 
The area of AABC = 1⁄2 AC * BP (Figure 7). 


Thus, the area of kite ABCD = 2 * the area of 
AABC = 2* 4% * AC *2* BD = %2 AC * BD. 


This is true for convex as well as nonconvex 
kites. Because both a rhombus and a square 
are kites, the areas of these figures equal one- 
half the product of their diagonals. You can 
prove this algebraically using symbolic algebra 
on the Voyage™ 200. 


The area of the kite is always one-half the area 
of the rectangle, regardless of the location of 
the moving vertices of the kite (Figure 9). In 
this construction, HF is parallel and equal 

to AD , the length of the rectangle; EG is 
parallel and equal to AB , the width of the 
rectangle. 


By substitution, the area of kite FF GH = 

1⁄2 * AD * AB. This is also exactly half the area 
of rectangle ABCD because the area of 
rectangle ABCD = AD *AB. 


The perimeter of kite EF GH will change as 
vertices Æ and G are moved. The perimeter 
minimizes when these vertices are moved to 
the midpoints of the two sides of the rectangle, 
forming a rhombus (Figure 10). The perimeter 
maximizes when G coincides with A or D as 
the kite becomes an isosceles triangle. 


Figure 11 shows a quadratic function 
(computed using the QuadReg tool) that 
models the data gathered on the length of AG 
and the perimeter of EFGH. 


Figure 12 shows the graph of the quadratic 
function in Figure 11, drawn over the scatter 
plot of the data. The minimum perimeter of 
kite EFGH is approximated by the minimum 
point of the function. 


4 Geometric Investigations on the Voyage™ 200 with Cabri 


RI wd er EREE | 
B 


eotACHBD=2.75 
rea ABCD=2. 75cm? 


AC=2, 34cm 
BD=2. 34cm 


Saamna arare ee 


MAIN DEG AUTO FUNC 


A 
+ c 
D 


Area ABCD=4. 66cm? 
Area EFGH=2. 33cm2 


Ratio ABCD/EFGH=2. 00 


DEG AUTO FUNC 


Per. EF 
E e2 |] 


AG 
B ae E C e 
KC O 
aaeh : l 


AD-2= 1.2586 
AG=1. 2586cm 
Per. EFGH=5.6442cm 


AD/2= 1.2586 
AG=1, 2586en 
Per. EFGH=5.6442cn z 
yi Cx>= .5%x°2471 264x464 


MAIN DEG AUTO FUNC 


EEL] 


AD/2=1,. 2586 
AG= 1. 2586cm 
Per. EFGH=5.64426m f yori. 26 


Figure 12 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


without changing its orientation on the screen. This method makes the last exploration in part 2 
of Explore easy to accomplish. 


The second Compass circle can be placed at either end of FG; the construction will still be 
valid. Because AC = FG, CB = FK, FGHK is a rectangle and AC + CB = AB, the segment AB 
represents half the perimeter of FGHK. Dragging C on AB does not change the sum AC + CB, 
only the individual parts. Hence, the rectangle FGHK has a constant perimeter equal to twice 
the length of AB . If the length of AB is changed, the perimeter of FGHK changes, but no 
matter where C is located on AB , the perimeter of 

ERE ey Aer ee | 

c 


FGHK is constant. The same is not true for the area 
A en B 


of FGHK. It varies between 0 and 2.25 cm?as C is 
moved along AB . As the lengths of FG and FK 
are changed, the product FG * FK changes, even 
though the sum remains constant. 


The length of 10 * FG represents all the different 
widths of the pet run, from 0 to 30 feet. The area of 
FGHK * 100 represents the number of square feet 
enclosed in the pet run, from 0 to 225 ft?. The 
definition of “best” pet run could be the largest area 
enclosed, or it could involve a long narrow run that 
has space for the pets to really run. The maximum 
pen area is 15 ft?. Select the measurements, and type 
to show the value with more digits of precision 
(Figure 3). 


Collect data for the width, area, and perimeter 

of rectangle FGHK for C in various positions 
across AB (Figure 4). Changing the width of 

the rectangle changes the area, but the perimeter 
remains constant. Draw a scatter plot of this data 
with the width on the x axis and the area on the 

y axis. The domain of the geometric model is 

0 cm < x < 3 cm. The domain of the pet run problem 
is 0 ft. < x < 30 ft. 


FG=1.068966cm 


Area FGHK=2,064209cm2 
Perimeter FGHK=6. 000000 


DEG AUTO 


The scatter plot of this data shows a parabolic 
pattern (Figure 5). Quadratic regression gives the 
equation of a model: 


y = -x + Bar, 


Figure 5 
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Building a Better Pet Run 


Task: 


A 4-H Club decided to build a new outdoor run for 
the local Humane Society. They have 60 feet of 
chain-link fence. Club members are trying to design 
the “best” run but cannot visualize how the area of 
the run changes for different widths. What 
mathematical model could be used to explain how 
the area changes? 


Construct and Investigate: 


1. Construct a line across the top of the Voyage™ 200 
screen. Place AB , a3-cm segment, on the line, 
and hide the line (Figure 1). Place point C on 
‘AB . Use Compass to transfer the length AC FG=2.3icm 
to another part of the screen. Draw FG , the Area FGHK=1, 59cm? 
radius of the resulting circle. Use segment FG 
as the width of the rectangular pen. Draw 
perpendicular lines at both ends of segment FG . 


DEG AUTO 


2. Use Compass to transfer the length CB to F. Figure 2 
Construct a perpendicular line at the point of 
intersection of the second compass circle and the 
previously constructed perpendicular line through F (Figure 1). Using the Polygon tool, overlay 
quadrilateral FGHK. Hide all construction lines. Measure the perimeter and area of F@HK, and 
drag C on AB . Explain what happens (Figure 2). If 1 cm = 10 feet, explain how this drawing 
models the pet run problem. Explain the “best” run using your drawing to find its size. 


3. Using the Collect Data option Define Entry, select the width, area, and perimeter of FGHK 
for data collection. Drag C on AB , and use [¢] D to collect the data. You can view the data in 
the Data/Matrix Editor or by selecting Data View from the F8 menu. Collect at least 15 data 
values for C at various positions on AB . 


4. Using the Plot options of the Voyage 200, draw a scatter plot of the data collected on the fixed 
perimeter rectangle. Is there a pattern? Use the regression tools of the Voyage 200 to fit a model 
to the data, Explain algebraically why this model is correct. 


Explore: 


1. On the Cabri program menu, select [F8], select Format, and press [ENTER]. Select RECTANGLE 
as the Coordinate Axes. Place the origin near the lower left corner of the screen. Use 
Measurement Transfer to transfer the width of the rectangle to the x axis and the area of the 
rectangle to the y axis. Construct lines perpendicular to each axis at the points representing 
width and area. Place point P at the intersections of the two perpendicular lines. Hide the lines. 
Move C, and explain how point P moves. 


2. Use Trace to show the path of P as C moves. Use Locus to show the locus of P as C moves. 
Explain what you found and how it compares with the regression model from part 4 above. 
Show the algebraic connections of this model to the pet run problem. What would happen if the 
length of the original line segment is changed? Explain this algebraically by generalizing. 
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Investigating Properties of Trapezoids 


Definitions: 


Trapezoid—a quadrilateral with at least one pair of 
parallel sides (Figure 1). 


i ; ; : ABCD t d QRST is an 
Isosceles trapezoid—a trapezoid with one pair of Ae Ge SRSP ESSE isosceles 


f . Bi dis id 
base angles and the non-parallel pair of sides equal 2 
in measure. 


ZX, kra SS 


ST=1.26cm OR=1,. 260m 
DEG ATO FUNG 


Tessellation—a covering, or tiling, of a plane with 
a pattern of figures so there are no overlaps or gaps. 


Figure 1 
Construct and Investigate: 


1. Determine three ways to construct a trapezoid using the Voyage™ 200. Test your constructions 
by dragging independent points of the trapezoids to be sure that the figures remain trapezoids 
at all times. 


2. Finda relationship regarding angle measurement that appears to be true for all trapezoids. 
Write a conjecture stating this relationship. Test your conjecture by dragging a vertex of the 
trapezoid and observing the relationship for a variety of different-shaped trapezoids. 


3. Determine three ways to construct an isosceles trapezoid on the Voyage 200. Write a 
step-by-step procedure for each method, and test these procedures before moving to the 
next activity. 


4. State at least three properties that are true for all isosceles trapezoids. These properties could 
include statements about angle measures, side lengths, diagonals, area, or perimeter. 


Explore: 


1. The area of a trapezoid is given by the formula A = b: : be h, where b, and b; are the lengths of 
the two bases and h is the height of the trapezoid. Drag one of the nonparallel sides of a 
trapezoid toward the other. Explain how you can derive the area formula for a triangle from the 
area formula for a trapezoid. 


2. Triangles and trapezoids are related in other ways. The midsegment of a triangle is a segment 
connecting the midpoint of any two consecutive sides of a triangle. The midsegment of a 
trapezoid is the segment connecting the midpoints of the two nonparallel sides. Find a 
relationship between the midsegments of triangles and trapezoids. Investigate the relationship 
between a midsegment of a triangle or trapezoid 
and the area. Explain algebraically why this is 
always true for any triangle or trapezoid. 


3. The large trapezoid shown in Figure 2 can be 
dissected into similar copies of itself. Starting with 
a dissected trapezoid, use transformational geometry 
tools to construct the larger trapezoid shown. What 
properties of this trapezoid allow this transformation? 


Explain. Can you find other trapezoids that have the PEG AUTA 
same property? Will these figures tessellate the plane? Figure 2 
Explain. 
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Teacher’s Guide: Investigating Properties of Trapezoids 


Construct and Investigate: 


1. There are many ways to construct a trapezoid. Three ways are listed here, but students may find 


others that use the properties of trapezoids. 


e Draw two segments connected at a common endpoint. Construct a line parallel to one 
segment through the noncommon endpoint of the other segment. The fourth vertex of the 
trapezoid can be any point on the parallel line that is in the interior of the angle formed by 
the first three points (the vertex being the common endpoint). 


e Construct a triangle, and draw a line parallel to one side passing through any point on one of 
the other sides. A trapezoid will be formed by the base, the parallel, and the two nonparallel 
sides, Draw a polygon over this figure, and hide the triangle and the parallel line. 


e Construct a segment, and draw a line parallel to it through a point not on the segment. 
Connect the endpoints of the segment to any two points on the parallel line so that the 


nonparallel sides do not cross. 


2. As with all convex quadrilaterals, the sum of the 
interior angles is 360°. The consecutive angles 
between the parallel sides (bases) of the 
trapezoid are always supplementary (Figure 3). 


3. Students will find many ways to construct an 
isosceles trapezoid. Three ways are listed below: 


e Draw asegment, and construct its 


perpendicular bisector. Pick any point on the 


bisector other than the midpoint of the 
segment. Construct segments from the 
endpoints of the original segment to this 


ERE + ee AE | 


2ADC+zDAB= 180.00 4£BCD+zABC= 180. 00 
A B 


D ` c 
Sum of angles of ABCO=360. 00 
DEG ALTO FUNC 


MAIN 


Figure 3 


point, forming an isosceles triangle (the base being the original segment). Place another 
point on the perpendicular bisector between the vertex of the isosceles triangle and the 
midpoint of the segment. Construct a line through this point parallel to the base of the 
isosceles triangle. Use the Polygon tool to form the isosceles trapezoid, using the endpoints 
of the original segment and the two points of intersection between the parallel line and the 


sides of the isosceles triangle. 


e Place two points on the screen, and construct any line that does not contain either point. 
Reflect the two points over the line. Use the Polygon tool to connect the four points to form 


an isosceles trapezoid. 


e Construct a line segment. Construct the perpendicular bisector of the segment. Select a 
point on the perpendicular bisector that is not on the segment, Construct a line through 
this point, parallel to the original segment. Draw a circle with its center at the intersection 
of the perpendicular bisector and the parallel line. The polygon formed by the endpoints of 
the original segment and the intersection points of the circle and the parallel line is an 


isosceles trapezoid. 
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The line y = x has a slope of 1, and the line 

y = -x has a slope of —1 (Figures 14 and 15). 
When the line is on the x axis, the slope is zero 
(Figure 16). When the line lies on the y axis, 
the slope is infinite or undefined (Figure 17). 
If you hold [t] while rotating the line with [4] 
locked, it moves in increments of 15° around 
the origin, stopping at 0° and 90° to show a 
zero slope and an infinite slope. 


This exploration forms the basis for 
understanding the slope-intercept form of a linear 
function, y = mx + b. The slope of the line, m, is 
the coefficient of x. Point A has coordinate (0, b) 
because it is on the y axis. The y coordinate of 
point A is the constant term b in the general slope- 
intercept model. As you rotate the line around 
point A or drag point A along the y axis, a match 
forms between the slope, the y coordinate of A, 
and the equation of the line (Figure 18). 


The same method for estimating the slope 
developed in part 1 of Explore can be used 

for lines that do not pass through the origin. 
Draw (or imagine) a line parallel to the x axis 
through the y intercept. This line serves as a 
shifted x axis, making the y intercept of the line 
into the new “origin” (Figure 19). All of the zone 
relationships for lines through the origin apply 
to this new origin. 


Slope=1.73 
y=1.73x-0.34 


Figure 18 


Slope=0.40 
y=0.4x-0.34 
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Figure 19 
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Teacher’s Guide: Investigating Properties of Lines (Cont.) 


Explore: 


1. Construct the lines y = x and y = -x to 
organize the different zones for estimating 
slope. There are four distinct zones: 


e When the line is between y = x and the y 
axis, m > 1 (Figure 10). 


e When the line is between y = —x and the y 
axis, m < —1 (Figure 11). 


e When the line is between y = x and the x 
axis, 0 < m < 1 (Figure 12). 


e When the line is between y = —x and the x 
axis, -1 < m < 0 (Figure 13). 
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Teacher’s Guide: Investigating Properties of Trapezoids (Cont.) 


4. The following properties are true for all 
isosceles trapezoids: 
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Three pairs of congruent triangles 


Both pairs of base angles are equal 


+ 
A B 
The perpendicular bisector of one of the D cp co c 


bases is also the perpendicular bisector aACD=aBUC afED=.BEC eABD=aBAC 


of the other base. _ — 


The perpendicular bisector of the bases is Figure 4 
asymmetry line of the isosceles trapezoid. 


The diagonals of an isosceles trapezoid are 
equal in length and divide the trapezoid as 
follows: 


e Three pairs of congruent triangles 
(Figure 4). 
e One pair of similar triangles (Figure 5). 


Isosceles trapezoids are cyclic 
quadrilaterals, which means the four 
vertices lie on a circle. Therefore, the 
product of the diagonals is equal to the sum 
of the products of the two opposite sides 
(Ptolemy’s Theorem). 


The center of the circumscribed circle is Bal. slices eo 
the intersection of the perpendicular 

bisectors of the two nonparallel sides. 
This center also lies on the line of 
symmetry of the trapezoid (Figure 6). 


Figure 6 
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Teacher’s Guide: Investigating Properties of Trapezoids (Cont.) Teacher’s Guide: Investigating Properties of Lines (Cont.) 


5. Point D represents any point on the line. 
Explore: Multiplying the x coordinate of point D by the 


BC/AB=0. 55 
slope of the line gives the y coordinate of point 


1. As the two nonparallel sides of a trapezoid 


come closer together, the length of the shorter 
base eventually becomes zero and the 
trapezoid becomes a triangle (Figures 7 and 8). 


If b, represents the shorter base and bs 
represents the longer base, when b; = 0, the 
area formula for a trapezoid becomes the area 
formula for a triangle: 


=%(0+b,)h= bh. 


In a sense, a triangle is a special case of a 
trapezoid where the shorter base has a length 
of zero. 


The length of the midsegment of a trapezoid is 
equal to the average length of the two parallel 
sides (Figure 9), The midsegment of a triangle 
is equal to half the length of its parallel base. If 


D. This follows the algebraic equation y = mz, y=. 55x 


where m is the slope of the line. As D is moved 
along the line, the y coordinate is equal to the 
product of the slope m and the x coordinate of 
the point (Figure 6). This relationship remains 
true if the line is rotated around the origin. The 
algebraic definition y = mæ describes the y 
coordinate for any x coordinate on a line of 
slope m. 


One purpose of this investigation is to have 
students connect the analytic definition of slope 
to the geometric definition you have been 
exploring. The length of AB is the difference 
of the x coordinates of B and A, or (xg — x4). 
The length of BC is the difference of the y 


BC’AB=0.50 
Slope=0.50 


coordinates of C and B, or (yc - pnp As shown in 
Figure 7, the ratio 7 is equal to Ly Ay 2 But the Yy 

coordinate of B is the same as the y coordinate of 
A, and the x coordinate of B is the same as the x pezpp=0. 85 


a triangle is considered a special case of a EES nira 
trapezoid with one base zero in length, then Figure 8 
the same relationship holds for both figures. 


The area of a trapezoid is the product of the 
length of its midsegment and its height 
(Figure 10). The same is true for a triangle. 


If b; represents the length of the midsegment 


; bi+ be 
of a trapezoid and you know that b; = a E 4icm (AB+CD)/2=3. 22 When A and C are dragged to different locations, 
and if the area of a trapezoid is A = 1⁄2 (b; + bə) or the line is rotated as shown in Figure 8, those 
h, then by substitution, you know that the area O aom 2 O3cm relationships are still true. When the line is 


of a trapezoid is given by A = bah. 
In a triangle, the midsegment b; = -=> 


If the area is given by A = 4 bh, then you know 
that A = bah. 


In both cases, the area of the figure is given by 
the product of the length of its midsegment 
and its height. 
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coordinate of C. ee the ratio ae can be 
written as the ratio >. TE om . This is the common 
definition of the slope when m= n- A for any 
two points on the line. 


rotated so ae the slope is negative, the sign of 
the ratio P za 
(£g — x4) becomes negative (Figure 9). 


Have students explore further to confirm that 
the slope of a line can be found using any two 
points on a line, in any order, as long as the 


ee eae are taken in pairs as in the equation 
YTY 
~ y= iy" 


2 changes because the component 


Slope=6.85 


BC’AB=1.56 C 
Slope=-1.56 
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Teacher’s Guide: Investigating Properties of Lines in the Plane 


Construct and Investigate: 


1. This construction creates a “slope triangle” 
ttached to the line showing the relationship 
Am the definition of slope of a line. 


2. Use the Comment tool to label the result of 
the computation as BC/AB = . As A and C are 
dragged along the line, the ratio 7 remains 
unchanged. Measuring angles of AABC helps 
convince students that no matter where points 
A and C are located, all versions of 
the triangle are similar to each other (Figure 2). 
Because similar triangles have proportional sides, 
the ratio īp stays constant as long as the line is 
not rotated. 


As the line is rotated around the origin, the 
angles of the slope triangle change, producing 
nonsimilar triangles (Figure 3). The ratio 7 
becomes larger as the line approaches a 
vertical position and smaller as it approaches 
a horizontal position. 


3. The absolute value of the ratio aa and the slope 
are equal. The ratio 7 gives only positive values BC/AB=0.60 
for the slope because the two distances making Slore==0.60 
up this ratio are always positive. The Slope 
measurement tool computes the slope correctly 
for all lines (Figure 4). As with the ratio 7, the 
value of the slope remains unchanged as A and 
C are dragged along the line. The slope of a line 
is constant at all points. 


4, The equation of lines through the origin are in 
the form y = mx, where m equals the slope of the 
line. As the line is rotated around the origin, the ; BC/AB=0.60 
slope of the line is equal to the coefficient of x in a i aa 
the equation. When the line is neither horizontal 
nor vertical, the ratio ae is the same as the 
absolute value of the coefficient of x. This 
happens when the line passes through the second 
and fourth quadrants (Figure 5). Figure 5 
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Teacher’s Guide: Investigating Properties of Trapezoids (Cont.) 


3. Each of the four subparts of the whole 
trapezoid are congruent and similar to the 


entire figure with a side ratio of 2 and an area Area ratio=4.00 
ratio of 4. Loen 
A 
Each trapezoid is also special in the following 2.00cm | 
ways: 45. Drea of large trapezoid=6, 00cm? 
, Ares of small trpezoid=i,50cn? 
e The two bases make right angles to one FIAN TEG AITE FONE 


nonparallel side. Figure 11 


e The other nonparallel side makes an 
angle of 45° to one base and 135° to the 
other base. 


e The longer base is twice as long as the 
shorter base (Figure 11). 


The construction can be made using 
reflections and rotations or using reflections 
and translations. 


Other trapezoids of this type are shown in the Figure 12 
figures on the right. 


e Figure 12 is a trapezoid formed by a square 
and half of a congruent square. 


e Figures 13 and 15 are trapezoids formed by 
three congruent equilateral triangles so 
that the angles of the trapezoid are either 
60° or 120°. 


e Figure 14 is made up of trapezoids formed 
by two congruent squares and a 30°-60°-90° 
triangle. 


Figure 13 


These figures are fun to do and can involve 
many creative and imaginative constructions. 
Once they determine the original trapezoid, see 
whether your students can construct each one 
using only isometries. 


Because each example can be dissected or 
expanded into an infinite number of identical 
parts, all of them can tessellate the plane. 


Figure 14 


Figure 15 
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Investigating Properties of the Diagonals of Quadrilaterals 


Definitions: 


Quadrilateral—a four-sided polygon. 

Diagonal of a quadrilateral—a segment that connects opposite vertices. 
Kite—a quadrilateral with two distinct pairs of consecutive sides congruent. 
Trapezoid—a quadrilateral with at least one pair of parallel sides. 
Isosceles trapezoid—a trapezoid with one pair of base angles congruent. 
Parallelogram—a quadrilateral with two pairs of sides parallel. 
Rectangle—a quadrilateral with four right angles. 

Rhombus—a quadrilateral with four congruent sides. 

Square—a quadrilateral with four congruent sides and four right angles. 


Construct and Investigate: 


1. Figure 1 shows a quadrilateral hierarchy in 
which each quadrilateral shares all the 
properties of those connected above it in the 
chart. Construct each figure in the chart, and 
verify that the definitions allow each type of \ Perertetouram\ ORRA 
quadrilateral to be a special case of the oe 
quadrilaterals connected above it in the chart. 

2. For each figure, write as many conjectures as 
possible about its diagonals. Be sure that the 
statements are true for the figure and all 
connected below it but not true for the figures 
connected above it in the chart. 

For example, the diagonals of an isosceles Figure 1 

trapezoid are congruent. This is also true for 

rectangles and squares but not for trapezoids or quadrilaterals. 

Each property should appear only once in your list, associated with the figure that first displays 
the property in the hierarchy chart. 

Use the Voyage™ 200 with Cabri to assist in the investigations. Examine relationships involving 
lengths, angle measures, symmetry, bisection, collinearity, areas, and whatever else comes 

to mind. 

Explore: 

1. Investigate the relationship between the four triangles formed by the diagonals of any convex 
quadrilateral. See whether you can discover a relationship that is always true by doing some 
creative explorations and measurements. 

2. Carpenters and other builders use a property of the diagonals of a rectangle to make sure that 
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they have four right angles when they build a wall or square up the foundation of a house. See 
whether you can discover which property they use. Check with someone in the building trades 
in your community to verify that this property is actually used. Ask your contact person to share 
other ways in which geometry is used in construction. 
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Investigating Properties of Lines in the Plane 


Construct and Investigate: 


1. Open anew Voyage™ 200 with Cabri screen and 

show the rectangular coordinate axes ((¢] F). 

Draw a line attached to the origin of the axes that 

goes off to the upper right of the screen. Place 

points A and C on the line as shown in Figure 1. 

Construct a line parallel to the x axis through A 

and a second line parallel to the y axis through C. 

Label the intersection of these two lines point B, 

and hide the parallel lines. Construct and measure 

segments AB and BC. Figure 1 

: . BC : MAE ; 
2. Using Calculate, compute the ratio 7 Drag points A and C along the line, and explain what 

. B ; : F 

happens to the ratio an Explain what happens to the ratio n as you rotate the line around 

the origin. 

. BC, h , Change in y coordinates ' : 

3. The ratio zp is the ratio of Change In x coordinates and is called the slope of the line. Use the 
Slope measurement tool to show the slope of the line. Explain how the slope of the line 
compares with the ratio = as you rotate the line around the origin. Are these two values always 
equal? Explain. Drag points A and C, and explain how the slope is affected. 

4. Using the Equations and Coordinates tool, find the equation of the line. Explain how this 
compares to the ratio a5 and the slope as you rotate the line around the origin. 

5. Place point D anywhere on the line, and show its coordinates. Explain the relationship between 
the coordinates of D, the slope, and the equation of the line. Multiply the x coordinate by the 
slope. What do you get? Drag D along the line. Does the relationship remain the same? Explain. 
Rotate the line around the origin. Does the relationship remain the same? Explain. 

6. Use the coordinates of points A, B, and C to explain the slope of a line in the coordinate plane. 

Explore: 

1. Onanew Voyage 200 with Cabri screen, draw a line through the origin and show its slope using 
the Slope tool. The value of the slope can be positive or negative. The absolute value of the 
slope can be large or small. The slope can be zero, one, or infinitely large. Determine a way to 
organize the different slope values so you can quickly estimate the slope of any line. 

2. Onanew Voyage 200 with Cabri screen, place point A anywhere on the y axis and draw a line 
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through this point. Show the coordinates of A, the slope, and the equation of the line. Explain 

the relationship among the equation of the line, the coordinates of A, and the slope of the line. 
Can you use the method you developed in part 1 of Explore to estimate the slope of any line in 
the plane? Explain. 
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Teacher’s Guide: The Simson Line (Cont.) 


The locus of points of the intersection of two 
diametrically opposite points on the circumcircle 

is the nine-point circle of ADEF. As shown in 
Figure 11, this circle passes through the midpoints 
of the sides of the triangle (three points), the feet of 
the altitudes (three points), and the midpoints of the 
segments connecting the triangle’s vertices with its 
orthocenter (three points). 


The center of the nine-point circle is the midpoint N 
of the Euler segment, connecting the orthocenter 
H and circumcenter O of a triangle (Figure 12). 


In some references, the nine-point circle is referred 
to as the Feuerbach circle for Karl Feuerbach 
(1800-1834), Although Feuerbach was not the first 

to discover this circle, his work defined many of 

the properties of this interesting construction. For 
example, Feuerbach’s Theorem states that the nine- 
point circle of a triangle is tangent to the incircle and 
each of the three excircles of a triangle (Smart, 1978, 
p. 335). 


As shown in Figure 13, the Feuerbach circle of the 
original triangle is inscribed in the deltoid that is 
the locus of the envelope of Simson lines for a given 
triangle. The deltoid is inscribed in a circle that has 
a radius three times and an area nine times that 

of the Feuerbach circle. Drag the vertices of 

your triangle around the screen to see whether this 
relationship is true for any triangle. As with all 
Feuerbach circles, its radius is half the radius of 
the circumcircle, and therefore, its area is one- 
fourth the area of the circumcircle. The area of the 


: ; i Figure 13 
Feuerbach circle is half the area of the deltoid 8 
defined by the envelope of Simson lines for any 
given triangle. 
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Teacher’s Guide: Investigating Properties of the Diagonals 
of Quadrilaterals 


Construct and Investigate: 


The definitions and hierarchy chart in this activity are from Geometry (Coxford, Usiskin, and 
Hirschhorn, 1991). These definitions may not be entirely consistent with other textbooks. In 
particular, quadrilaterals and kites are not necessarily convex, and trapezoids are defined as 
having at least one pair of parallel sides. In this activity quadrilaterals are defined as polygons, 
and therefore, crossed figures with four sides are not considered quadrilaterals. You may want 
students to use a different set of definitions than those presented here. You should be aware, 
however, that such definitions will change some of the statements and/or their location in the 
hierarchy listed below. 


This activity takes considerable time to complete if each student or group of students does 

the entire exploration. An alternative technique may be to assign different groups different 
quadrilaterals to construct and investigate. The groups could then report their findings and 
assemble a composite list. Resolve conflicts with either large group discussion, or small student 
groups. You can assign certain quadrilaterals to particular groups or use a random selection 
process. The properties of some quadrilaterals appear more difficult to find than others. 


There are many ways to construct a particular quadrilateral besides using the definition. It may 
be worthwhile to have students determine different constructions based on properties of various 
quadrilaterals. For more information about kites and trapezoids, see the Teacher’s Guides for the 
activities Investigating Properties of Kites and Investigating Properties of Trapezoids. 


The properties of diagonals listed for each quadrilateral are valid for that figure and for all 
quadrilaterals connected below it in the hierarchy chart (Figure 1). These properties include: 


Quadrilaterals 
e The quadrilateral has two diagonals. 
e The sum of the lengths of the diagonals is less than the perimeter of the quadrilateral. 


e The sum of the lengths of the two diagonals is equal to the perimeter of the quadrilateral 
formed by connecting the midpoints of the sides of the original quadrilateral. 


Kites 

e The diagonals of the quadrilateral are perpendicular. 

e Atleast one diagonal of the quadrilateral is the bisector of the other. 
e Atleast one diagonal bisects two angles of the quadrilateral. 

e Atleast one diagonal lies on a symmetry line of the quadrilateral. 


e One-half the product of the diagonals is equal to the area of the quadrilateral. 
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Teacher’s Guide: Investigating Properties of the Diagonals Teacher’s Guide: The Simson Line (Cont.) 
of Quadrilaterals (Cont.) 


4. The two triangles will be similar (Figure 7). 
Trapezoids 


e The diagonals of the quadrilateral intersect. (This property is true for all convex 
quadrilaterals, but this is the first level in the hierarchy where you are assured that the 
quadrilateral is convex.) 


e The products of the areas are equal for opposite pairs of triangles formed by the intersection 
of the diagonals of a quadrilateral. (This property is true for all convex quadrilaterals, but this 
is the first level in the hierarchy at which you are assured that the quadrilateral is convex.) 


e The angles formed between a diagonal of the 
quadrilateral and its bases are congruent, 


Pky AR | Au Ale | 


e The diagonals divide the quadrilateral into Explore: 


four triangles such that the areas are equal for t 8 k 
at least one pair of these triangles (Figure 2). BAERS teagen EEE as 1. The envelope of the Simson lines for a given 
e The intersection point of the diagonals is x triangle is a deltoid. Figure 8 shows this deltoid 


A drawn as the locus of Simson lines. This view is 


with the Link Locus Points and Envelope of 
Lines options turned On on the Geometry 


collinear with the midpoints of the bases of 
the quadrilateral (Figure 3). 


e For both diagonals of the quadrilateral, the 


DEG AUTO 


ratio of the distances from the midpoints of Mipya a Format menu ( [¢] F). Figure 9 shows an alternate 
the bases to the intersection point of the way to view this relationship with the Envelope 
diagonals is the same as the ratio of the of Lines options turned Off. 

distances from the vertices to the diagonal 

intersection point. 


Isosceles Trapezoids 


e The diagonals of the quadrilateral are 
congruent. 


e The diagonals divide the quadrilateral into 
three pairs of congruent triangles and one BEG AUTH 
pair of similar isosceles triangles. 


Figure 3 
e Atleast one symmetry line of the 

quadrilateral contains the intersection 

point of the diagonals, 


2, Let point Q be diametrically opposite point P on 
the circumcircle of ADEF. The two Simson lines 
defined for points P and Q are perpendicular and 
meet on the nine-point circle of ADEF (Figures 10 
and 11). 


Figure 10 
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Teacher’s Guide: The Simson Line 


Construct and Investigate: 


1. 


Students need to work carefully through the 
instructions in this activity. Hiding lines that are 
no longer needed helps keep the screen from 
getting too cluttered. When extending the sides of 
ADEF, make sure that students use the vertices 
of the triangle as the points that define the line. 
This ensures that the lines really are extensions of 
the sides of ADEF. Students can use the Thick 
tool to make the important points more noticeable. 
It may come as a surprise that points R, S, and T 
are collinear (Figure 3). 


This line is most often called the Simson line for 
Robert Simson (1687-1768), although there is no 
evidence that he knew about its existence. Other 
sources give credit for the discovery of the line to 
William Wallace in 1797 and refer to it as the 
Wallace line. 


If point P is on a vertex of ADEF, then two of the 
three points, R, S, or T, are also located at this 
vertex and the Simson line passes through point P 
(Figures 4 and 5). Because P is on a vertex, the 
perpendicular lines from P to the extension of the 
two sides meeting at this vertex are zero in length. 
This is true because the two side extensions pass 
through the vertex, as well as through point P. 


If point W is on the circumcircle of ADEF ata 
point that is directly opposite vertex F, then the 
Simson line defined for point W contains side DE 
of ADEF. The same relationship is true for points 
V and T, which are directly opposite vertices D 
and E, respectively (Figure 6). 
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Collinear 


Figure 6 
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Teacher’s Guide: Investigating Properties of the Diagonals 
of Quadrilaterals (Cont.) 


Parallelograms 


Each diagonal divides the quadrilateral 
into two congruent triangles. 


The diagonals of the quadrilateral bisect 
each other. 


The diagonals divide the quadrilateral 
into two pairs of congruent triangles. A 


The intersection point of the diagonals TES AUTO 

is also the intersection point of the lines Figure 4 
connecting the midpoints of the 
opposite sides of the quadrilateral 
(Figure 4). 


The diagonals meet at the centroid of 
the quadrilateral (Figure 4). 


The intersection point of the diagonals is 
a bisector of the segment connecting the 


a 
1.190m 


intersection points of the perpendicular A 
bisectors of the sides of the 
quadrilateral (Figure 4). 


N 5 
The diagonals divide the quadrilateral Pigure p 


into four triangles of equal area 
(Figure 5). 


Rectangles 


The diagonals of the quadrilateral are congruent and bisect each other. 


The intersection point of the diagonals is also the intersection point of the perpendicular 
bisectors of the sides of the quadrilateral. 


The length of each diagonal is equal to the square root of the sum of the squares of two 
consecutive sides of the quadrilateral. 


Rhombi 


Both diagonals bisect opposite angles of the quadrilateral. 

Both diagonals form symmetry lines for the quadrilateral. 

The diagonals divide the quadrilateral into four congruent right triangles. 
The intersection point of the diagonals is the incenter of the quadrilateral. 


The diagonals lie on the symmetry lines of the quadrilateral. 
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Teacher’s Guide: Investigating Properties of the Diagonals 
of Quadrilaterals (Cont.) 


The Simson Line 


Squares 


e The diagonals divide the quadrilateral into four congruent isosceles right triangles. 


e The intersection point of the diagonals is the circumcenter of the quadrilateral. 


e The diagonals meet at the symmetry point of the quadrilateral. 


e Any line through the intersection of the diagonals divides the perimeter and the area of the 


quadrilateral into two equal parts. 


e The ratio of the length of a diagonal to a side is equal to /2. 


Explore: 


1. The products of the areas of opposite 


triangles formed by the diagonals of a 
convex quadrilateral are always equal 
(Figure 6), 


When laying out the framing for a wall or 
the foundation of a rectangular home, 
builders measure the diagonals of the 
parallelogram and adjust the structure until 
the lengths of the diagonals are congruent. 
This assures that the four corners are square 
and the wall or foundation is rectangular 
(Figure 7). 


eRe AR AP ARE | 


B aBCF=0, 70cm? aABF=1.636me2 
sADF=2,. 560m? sCOF=1.090m2 


+ 
ABF*CDF=1.78 
BCF+*ADF=1.78 
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Figure 6 
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Construct and Investigate: 


1. Using the Triangle tool, draw ADEF in the 


center of the Voyage™ 200 screen. Construct 
its circumcircle. The circumcircle’s center O is 
the intersection of the perpendicular bisectors 
of the sides of ADEF. Put point P anywhere 
on the circumcircle. Hide the perpendicular 
bisectors. Extend the sides of ADEF by 


a e , 
constructing lines DE, EF ,and FD. 
Construct perpendicular lines through P to each 


eno e —_- 
of the lines DE , EF , and FD, and label the 
points of intersection R, S, and T (Figure 1). 


Note: Points R, S, and T must be the 
intersections of the perpendicular lines with the 
extension lines and not with the sides of ADEF. 


Hide the three lines through the vertices and the 
three perpendicular lines, leaving only ADEF, 
its circumcircle, and the points P, R, S, and T 
(Figure 2). Drag point P on the circumcircle. Use 
the Check Properties tool to make a conjecture 
about the relationship between points R, S, and T. Construct the line that contains R, S, and T. 
This line, as shown in Figure 2, is commonly called the Simson line. 


i ; 2. Drag the vertices of ADEF and point P along the circumcircle, and note the behavior of the 
Another technique for squaring a wall uses Fe iah eh Simson line. Describe the relationship of the Simson line and points R, S, and T to ADEF. 
the properties of a right triangle with legs eee l 
of 3 and 4 units and a hypotenuse of 5 units 4 3. Make a macro construction named Simson Line. The Initial Objects should be ADEF, its 
(or multiples of these values). FR circumcircle, and point P. The Final Object should be the Simson line. Hide points R, S, and T 

, i for the next explorations. Use the Simson Line macro to explore which points on the 

A carpenter's square, or framing square, circumcircle have a Simson line that passes through each of the sides of ADEF. 
is a tool used to cut rafters, steps, and 
braces as well as make right-angle cuts. 4. For any three points on the circumcircle of ADEF, what relationship exists between the 
This tool uses the properties of right triangle formed by these points and the one formed by the intersection of their corresponding 
triangles using trigonometry and the Simson lines? 
Pythagorean Theorem. 

Explore: 

1. Use the Animation tool to animate point P on the circumcircle, and make a conjecture about 
the locus of the Simson line as P moves around the circumcircle of ADEF. Use the Locus tool 
to construct the envelope of Simson lines as point P moves around the circumcircle of ADEF. 
Drag the vertices of the original triangle around the screen. Refine your conjectures about the 
relationship(s) that you observe. 

2. What is the relationship between the Simson lines of two diametrically opposite points on 
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the circumcircle? What is the locus of the intersection point of the two Simson lines for 
diametrically opposite points on the circumcircle of a triangle. What relationship exists 
between this locus and the one you found in part 1? What is the relationship between this locus 
and the circumcircle of the triangle? Explore other properties that appear to be true about this 
locus of points. 
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Teacher’s Guide: Polygons and Vectors (Cont.) 


If P is inside quadrilateral KLMN, then the 
endpoint of the resultant vector is inside 
quadrilateral QRST (Figure 34). 


REAP Poe ee | 
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Figure 34 


If P is on a side of quadrilateral KLMN, then 
e P isalso on the side of quadrilateral QRST. 


e the endpoint of the resultant vector is on a 
side of quadrilateral QRST. 


e centroid G of QRST is on the corresponding 
side of KLMN (Figure 35). 


If P is at a vertex of quadrilateral KLMN, then 


e P is also at a corresponding vertex of 
quadrilateral ORST. 


e the endpoint of the resultant vector is at 
the opposite vertex of quadrilateral QRST. 


e the centroid of QRST is on the opposite side 
of ABCD at a vertex of KLMN (Figure 36). 


Figure 36 


If P is located at the intersection of the diagonals 
of quadrilateral ABCD, then quadrilateral ABCD 
is inscribed in quadrilateral QR ST (Figure 37). 


RE POR AL eee | 
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If P is outside quadrilateral KLMN, then the 
endpoint of the resultant vector lies outside 
quadrilateral ORST. 


Figure 37 
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The Orthocenter of a Triangle 


Definitions: 


Orthocenter—the point of concurrence of the three 
altitudes of a triangle. Figure 1 shows othocenter H and 
the nine-point circle. 


Nine-point circle, or Feuerbach circle, of a triangle—the 
circle centered at the midpoint between the orthocenter 
and the circumcenter of the triangle that passes through 
the midpoints of the sides (three points), the feet of the 
altitudes (three points); and the midpoints of the segments vee AUT 
connecting the vertices to the orthocenter (three points). Figure 1 


Construct and Investigate: 


1. Draw and label AABC on the Voyage™ 200. Construct the altitudes, and locate the orthocenter 
of the triangle. Would you need to construct all three altitudes? Explain why or why not. 


2. Hide the altitudes, and drag the triangle around the Voyage 200 screen. Explain where the 
orthocenter is located for different types of triangles. , 


3. Hide the original triangle so that only the three points A, B, and C (representing the vertices), 
and the orthocenter H remain on the screen. Drag the vertices around the screen, and 
investigate the relationship of these four points to one another. Test your conjectures. 


4. How many ways can three items be chosen from a collection of four items if order is not 
important and there is no replacement? Choose all the subsets of three of the four points 
on the screen, and construct all possible triangles defined by these four points. Draw the 
nine-point circle for each of the triangles you constructed. (Hint: Make a macro after the first 
one is constructed.) Drag the original triangle around the screen. Explain what happens. 
(Hint: Point at the nine-point circle with the Pointer arrow. What happens?) 


5. Using a macro, construct the circumcircles of the triangles in your figure. What is the 
relationship of these circles to each other? Explain. What is the relationship between these 
circumcircles and the nine-point circle? Explain. 


6. Hide the circumcircles and the nine-point circles, and connect the circumcenters of the four 
triangles in this figure. Investigate the relationships between the original figure and the one 
formed by connecting the circumcenters. Explain the relationships you find. 


7. Construct the nine-point circle for the new figure formed in part 6 above. How does this 
compare to the nine-point circle for the original figure? Explain. 


Explore: 


1. Draw and label a new acute triangle, and construct its orthocenter with three altitudes. Draw 
the orthic triangle, the triangle with vertices located at the feet of the altitudes of the original 
triangle. Explore the relationships between the original triangle and the orthic triangle by 
investigating the relationships between their incenters, incircles, circumcenters, circumcircles, 
orthocenters, and nine-point circles. Explain what you find and how all the different centers 
and circles are related. 


2. The lines representing the sides of a bisected angle are called the isogonal lines, and each one 
is called the isogonal conjugate of the other. By this definition, adjacent sides of a triangle are 
isogonal conjugates of each other. Investigate the angular relationship between the orthocenter, 
the incenter, the circumcenter, and a vertex of a triangle. Explain what you find. 
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Teacher’s Guide: The Orthocenter of a Triangle 


Construct and Investigate: 


1. The altitudes of a triangle intersect at the orthocenter. The intersection of any two of the three 
altitudes locates the orthocenter because two nonparallel lines in a plane determine a unique 
point of intersection. It is interesting that all three altitudes are coincident at the same point, 
but once this is established, only two altitudes are needed to locate the orthocenter. 


2. When the triangle is acute, the orthocenter is located in the interior of the triangle because the 
feet of the altitudes lie on the sides of the triangle. When the triangle is obtuse, the orthocenter 
is exterior to the triangle because two of the altitudes fall outside the triangle. When the triangle 
is a right triangle, the orthocenter is located at the vertex of the right angle because two of the 


altitudes of a right triangle are the legs of the right angle. 


3. One of the most beautiful symmetries of a 
triangle is represented by the relationship 
of the orthic set of points made up of the 
vertices of a triangle and its orthocenter. 
The triangle formed by any combination of 
three of these points has the fourth point as 
its orthocenter (Figure 2). 


4, The combination of four items taken three 
at a time is given by the equation: 


4432 
4C3 = F = 4. 


Four triangles are possible using this set of 
four points. The nine-point circles for all 
four triangles are the same (Figure 3). By 
definition, the nine-point circle of a triangle 
passes through the feet of the altitudes, the 
midpoints of the sides, and the midpoints 
of the segments joining the vertices to the 
orthocenter of the triangle. Because each 
point in the orthic set is the orthocenter 

of the triangle formed by the other three, 
the sides of each triangle lie on the altitude 
of another triangle. The midpoint of each 
side of a triangle is also the midpoint 
between a vertex and an orthocenter. 
Because the same nine points are 
interchangeable, all four triangles have 

the same nine-point circle. 


An interesting extension of this idea is to 
find the centroids of the four triangles 
formed by the orthic set of points. These 
centroids also form an orthic set with all 
the same properties of the orthocenters 
(Figure 4). 
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Figure 4 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


Another way to state the distance relationship 
shown in Figure 30 is that centroid E of 
quadrilateral ABCD divides the resultant 
vector in the ratio of 3 to 1. 


If P is placed at centroid E of quadrilateral 
ABCD, then points T, P, and R are collinear, as 
are points Q, P, and S. Segments QS and TR 
form the diagonals of the parallelogram QRST 
and are bisected by point P (Figure 31). 


Centroid G of quadrilateral QRST is the 
midpoint of the resultant vector. The resultant 
vector is the sum of the four original vectors 
from P to the vertices of quadrilateral ABCD 
(Figure 32). 


If P is placed at centroid E of quadrilateral 
ABCD, then the resultant vector is zero in 
length. When this happens, P is also at the 
centroid of parallelogram QRST. This is true 
because the centroid of a parallelogram is 
located at the intersection of its diagonals as 
well as at the intersection of the segments 
connecting the midpoints of its sides 

(Figure 33), 


Teacher’s Guide: Polygons and Vectors (Cont.) 
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Figure 30 
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Figure 33 
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Teacher’s Guide: Polygons and Vectors (Cont.) 


Construct the orthocenter H, the circumcenter 
O, and the circumcircle of AABC, Redefine 
point P onto the orthocenter H of AABC. The 
hexagon becomes cyclic, with all six vertices 
on the circumcircle of AABC (Figure 26). 


Although the area of the hexagon remains 
constant for a given AABC, the perimeter of 
the hexagon changes as point P moves. The 
minimum perimeter of the hexagon occurs 
when point P is located at the Fermat point 
of AABC. The Fermat point minimizes the 
sum of the distances from a point to the three 


vertices of a triangle. Each of the interior angles 


of the hexagon equals 120° (Figure 27). 


If all the angles of AABC are less than 120°, then 
the Fermat point is inside the triangle. If one of 


the angles of AABC is greater than or equal to 
120°, then the Fermat point is at that vertex. 
When this happens in this construction, the 
hexagon collapses to a parallelogram. 


Explore: 


l. 


The vector sums of consecutive pairs of the 
original vectors from P to the vertices of 
quadrilateral ABCD pass through the 
midpoints of the quadrilateral. Quadrilateral 
QRST, formed by connecting the terminal 
ends of these vectors, is a parallelogram that 
has twice the area of quadrilateral ABCD 
(Figure 28). Quadrilateral QRST is similar 
to and four times the area of quadrilateral 


KLMN (Figure 29), which has the midpoints 


of quadrilateral ABCD as its vertices. The sides 
of quadrilateral QRST are always parallel to 
and one-half the length of the sides of 
quadrilateral KLMN. 


The resultant vector that is the sum of the four 
original vectors of quadrilateral ABCD passes 
through centroid E of quadrilateral ABCD. The 


distance from P to the centroid is one-fourth the 


length of the resultant vector (Figure 30). 
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The figure formed by the orthic set of 
centroids is similar to the original figure, 
but the segments are only one-third the 
length of the corresponding segments in the 
original figure; the corresponding areas are 
only one-ninth as large as the original 
(Figure 5). 


This area comparison includes the 
corresponding circumcircles and nine-point 
circles. The nine-point circles of two figures 
are concentric. This means that the original 
figure can be transformed onto the smaller 
figure by a rotation about the center of the 
nine-point circle, followed by a one-third 
dilation. 


The areas of the four circumcircles are 
equal; hence, the circumcircles are 
congruent (Figure 6). 


The area of the nine-point circle is 
one-fourth the area of any one of the 
circumcircles. This is a property of any 
nine-point circle when compared with its 
corresponding circumcircle (Figure 7). 


When all of the circumcenters are 
connected to all the other circumcenters, a 
figure congruent to the original figure is 
formed (Figure 8). 


The circumcenters of the original figure, 
D, E, F, and G, have become the 
orthocenters of the new figure. This means 
that the orthocenters of the original figure, 
A, B, C, and H, are the circumcenters of 
the new figure. 


Any triangle in the new figure has the 
same nine-point circle as any triangle in 
the original figure (Figure 9). 


The center of the nine-point circle is the 
midpoint of the segment connecting the 
orthocenter to the circumcenter. Because 
the orthocenters and circumcenters of 
these two figures are interchangeable, the 
center of the nine-point circle represents 
the center of rotation that transforms the 
original figure into the new figure. 
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Explore: 
1. Figure 10 shows AABC with orthocenter H 


and orthic triangle ADEF. The orthic 
triangle represents the inscribed triangle 
with the smallest perimeter. 


For more information on this property, see 
“Fagnano’s Problem” in Explorations for 
the Mathematics Classroom (Vonder Embse 
and Engebretsen, 1994, p. 36). 


The angle bisectors of the orthic triangle 

are the altitudes of AABC; therefore, the 
orthocenter H is also the incenter of ADEF 
(Figure 10). 


The nine-point circle of AABC is the 
circumcircle of the orthic triangle ADEF. 
This nine-point circle is four times the 
area of the nine-point circle of ADEF and 
one-fourth the area of the circumcircle of 
AABC (Figure 11). 


For AABC shown in Figure 12, AHBO is 
formed by the circumcenter O, a vertex B, 
and the orthocenter H. It is bisected by the 
line through the vertex B and the incenter T. 


In Figure 12, segments HB and OB are 
isogonal conjugates of each other because 
line BI bisects AHBO. This relationship is 
true for each vertex of the triangle. 
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4. The following are some of the many 
relationships students might discover. 


e Fora given AABC, the area of hexagon 
AFBDCE is constant for any location of 
P, even when P is outside the hexagon 
and the hexagon is concave (Figures 22 
and 23). 


e Opposite sides of hexagon AFBDCE 
are congruent and parallel because 
the hexagon is made up of three 
parallelograms with mutually parallel 
sides (Figure 22). 


e Opposite angles of the hexagon are also 
congruent. The hexagon changes to a 
parallelogram when point P lies on a side 
or at one of the vertices of the hexagon 
(Figure 24). 


5. Show AABC, and construct its centroid, T. Use TR] 
the Redefine Point tool to redefine point P 
onto the centroid T of AABC. Opposite vectors 
become the diagonals of the hexagon, and the 
centroid of AABC is the midpoint of each of 
these diagonals (Figure 25). 


Figure 25 
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If P is on the nine-point circle of AABC, then 
the locus of points of the terminal end of the 
resultant vector is the circumcircle of AABC 
(Figure 19). The locus of points of the midpoint 
of the resultant vector is the nine-point circle 
of the triangle formed by connecting the 
midsegments of AABC (Figure 20). 


If P is on the nine-point circle of the triangle 
formed by connecting the midsegments of 
AABC, then the locus of the terminal end 

of the resultant vector is the nine-point circle 
of AABC. 


If P is on AABC, then the locus of points of 
the terminal end of the resultant vector form 
a triangle similar to AABC, Triangle ABC 
becomes the midsegment triangle of the new 
triangle (Figure 21). 
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Figure 21 
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Cyclic Quadrilaterals. 


Definition: 


Cyclic quadrilateral—a quadrilateral inscribed in 
a circle (Figure 1). 


Construct and Investigate: 


1. Construct a circle on the Voyage™ 200 with Cabri 
screen, and label its center O. Using the Polygon 
tool, construct quadrilateral ABCD where A, B, ase 
C, and D are on circle O. By the definition given Figure 1 
above, ABCD is a cyclic quadrilateral (Figure 1). 

Cyclic quadrilaterals have many interesting and surprising properties. Use the Voyage 200 with 
Cabri tools to investigate the properties of cyclic quadrilateral ABCD, See whether you can 
discover several relationships that appear to be true regardless of the size of the circle or the 
location of A, B, C, and D on the circle. 

2. Measure the lengths of the sides and diagonals 
of quadrilateral ABCD. See whether you can 
discover a relationship that is always true of these 
six measurements for all cyclic quadrilaterals. This LLU 
relationship has been known for 1800 years and is 
called Ptolemy’s Theorem after Alexandrian 
mathematician Claudius Ptolemaeus 

A.D. 85 to 165). 
Sisal: 

3. Determine which quadrilaterals from the 
quadrilateral hierarchy can be cyclic quadrilaterals 
(Figure 2). 

4. Over 1300 years ago, the Hindu mathematician 
Brahmagupta discovered that the area of a cyclic Figure 2? 
quadrilateral can be determined by the formula: 8 
A =4|(s-a)(s — b)(s - c)(s — d) where a, b, c, and d are the lengths of the sides of the 

; : a ; a+b+c+d 
quadrilateral and s is the semiperimeter given by s = ——~s ~~~. 
Using cyclic quadrilaterals, verify these relationships. What should you find if d = 0? What is 
the name of this formula, and when was it first discovered? 

5. Construct any quadrilateral. Show that the internal angle bisectors are always concurrent or 
intersect in four points that are the vertices of a cyclic quadrilateral. 

Explore: 

1. Assume P is the intersection point of the diagonals of quadrilateral ABCD. Investigate 
relationships between segments AP , BP , CP ,and DP that are true when ABCD isa 
cyclic quadrilateral but not true when ABCD is a noncyclic quadrilateral. 

2. Construct a cyclic quadrilateral. Pick any point P on the circumcircle of the quadrilateral. Find 


the perpendicular distance from this point to each of the sides (or extensions of the sides) of 
the quadrilateral and to the two diagonals. What relationship exists among these distances 
regardless of the location of P on the circle? 
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Construct and Investigate: 


1. Students might discover the following 
relationships: 


e Opposite interior angles are 
supplementary (Figure 3). 


e The perpendicular bisectors of the sides 
of the quadrilateral are concurrent at a 
point if, and only if, the quadrilateral is 
cyclic. The perpendicular bisectors of 
quadrilateral ABCD shown in Figure 4 
are concurrent at O, the center of the 
circumcircle. This is true because the 
sides of a cyclic quadrilateral are chords 
of the circumcircle. The perpendicular 
bisector of a chord of a circle passes 
through the center of the circle. 


e The altitude of a triangle is a segment 
from a vertex perpendicular to the 
opposite side or an extension of the 
opposite side of the triangle. The 
analogous construction in a 
quadrilateral is a maltitude. A maltitude 
is a segment from the midpoint of a side 
perpendicular to the opposite side of a 
quadrilateral. The maltitudes of a cyclic 
quadrilateral are concurrent at a point 
(Figure 5). 


e Assume you have four segments of 
unequal lengths in which the sum of all 
four lengths is less than the sum of any 
three. You can form three different 
cyclic quadrilaterals that have the 
maximum area possible for the four 
given lengths (Figure 6). 


For more information on this 
construction, see Maximizing the Area 
of a Quadrilateral in Explorations for 
the Mathematics Classroom (Vonder 
Embse and Engebretsen, 1994, p. 44). 
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If P is at N, the center of the nine-point 
circle of AABC, then the resultant 
vector ends at the circumcenter of 
AABC (Figure 16). 
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Figure 16 


If P is on the circumcircle of AABC, 
then the locus of points of the terminal 
end of the resultant vector is a circle. 
This circle has four times the area of the 
circumcircle and is centered at H, the 
orthocenter of AABC (Figure 17). 


If P is on the circumcircle of AABC, 

then the locus of points of the terminal 
end of the vector sum of any pair of initial 
vectors is also a circle that is congruent to 
the circumcircle of AABC. The circles for 
the vector pair and the circumcircle of 
AABC pass through two vertices of the 
triangle and meet at the orthocenter H. 
These circles are internally tangent to the 
circle formed by the locus of the terminal Figure 18 
end of the resultant vector (Figure 18). 

The triangle formed by the connecting 

centers of the three circles is congruent to 

AABC. The circumcenter of AABC is the 

orthocenter of this triangle. 
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e If Pis ata vertex of AABC, then 
the resultant vector passes through 
the midpoint of the opposite side of 
AABC and is bisected by this side 
of the triangle (Figure 12). 


e A continuous path in one circuit is always possible for a ball bouncing inside a cyclic 
quadrilateral if the center of the circumcircle is inside the quadrilateral. The continuous 
path that the ball follows is the shortest path for the ball such that it touches each side of 
the quadrilateral and returns to its original position. At each side of the quadrilateral, the 
angle of incidence is equal to the angle of reflection. 


The path can be constructed by reflecting point P and its reflections P', P", and P"' over 
successive sides of the cyclic quadrilateral to locate point P'"'. 


Construct segment PP''''', Connect the 
point of intersection of this segment and 
‘ the side of the cyclic quadrilateral with 
point P'"", 
e If P is at the centroid T of AABC, then 


the resultant vector is a zero vector 
(Figure 13). 


Connect the point of intersection of this 
segment to P" and so forth until you get 
back to P (Figure 7). 


The polygon containing the four points 
of intersection passes through point P. 
This polygon represents the continuous 
path of the ball bouncing inside the 
cyclic quadrilateral (Figure 8). 


For more information on this 
construction, see The Billiards Table + 
Problem in Explorations for the 
Mathematics Classroom (Vonder Embse 
and Engebretsen, 1994, p. 40). 


e IfP is at the orthocenter H of AABC, 
then the circumcenter O is the midpoint ` 
of the resultant vector (Figure 14). 
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Figure 8 


2. Ptolemy’s Theorem states that if a 
quadrilateral is inscribed in a circle, then 
the sum of the products of the two pairs 
of opposite sides is equal to the product of 
the diagonals. 
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For cyclic quadrilateral ABCD shown in 

Figures 9 and 10, Ptolemy’s Theorem states: 
e IfP is at the circumcenter O of AABC, AB * CD + BCG * AD =AC*BD. 
then the resultant vector ends at the 


orthocenter H (Figure 15). 
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Drag the vertices of this quadrilateral 
around the circle to show that Ptolemy’s 
relationship is always true as long as the 
figure remains a quadrilateral (Figure 10). 


Use the Redefine Point tool to free point D 
from the circle. It is interesting to note that 
if D is not on the circumcircle that contains 
points A, B, and C, then the relationship 
changes as follows: 


AB * DC + AD * CB > AC *BD. 


This inequality is the same if point D is 
inside or outside the circle (Figures 11 
and 12). 
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3. The following are some of the many relationships 
students might discover. 


e IfP is at the vertex of the midsegment 
triangle of AABC, then the terminal end of 
the resultant vector is at the opposite vertex 
of AABC (Figure 8). 


ə IfP ison a side of the midsegment triangle of 
AABC, then the terminal end of the resultant 
vector is on the side of AABC that is parallel 
to this segment (Figure 9). 


e If P is in the interior of the midsegment 
triangle of AABC, then the resultant vector 
is entirely inside AABC (Figure 10). 


Figure 10 


ə IfP is exterior to the midsegment triangle of 
AABGC, then the terminal end of the resultant 
vector is outside of AABC (Figure 11). 
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Students may discover that when P is ata 
vertex of AABC, the two triangles share a 
common side and form a parallelogram. 
When P is on a side of AABC, then each 
of the two triangles has a vertex on the 
side of the other. 


The resultant vector of AABC has several 
interesting properties. This vector always 
passes through the centroid of AABC 
(Figure 6). If P is at the centroid, then this 
vector is a zero vector (Figure 7). If P is not 
at the centroid of AABC, then the centroid 
is always one-third of the distance from P to 
the terminal end of the vector (Figure 6). 
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If a trapezoid is cyclic, then it must be 
isosceles. Two parallel chords of a circle 
subtend equal arcs between their endpoints. 
These equal arcs have equal chords that are 
the nonparallel sides of the trapezoid. 
Therefore, a cyclic trapezoid must be an 
isosceles trapezoid (Figure 13). 


If a kite is cyclic, then its line of symmetry 
is the diameter of the circle and the 
nonvertex angles are right. 


If a parallelogram is cyclic, then it must be 
a rectangle. The perpendicular bisectors of 
the sides of a parallelogram are concurrent 
only when it is a rectangle. For a 


parallelogram to be cyclic, its perpendicular 


bisectors must be concurrent at the center 
of the circumcircle; therefore, a cyclic 
parallelogram must be a rectangle 

(Figure 14). 

If a rhombus is cyclic, then it must be a 
square. The proof of this fact follows the 


same reasoning as for a general 
parallelogram. 


If d = 0 in Brahmagupta’s formula, then 
the formula A = 4fs (s — a) (s— b) (s-¢ 
can be used to find the area of any triangle 
with sides a, b, and c and semi-perimeter s. 
This equation is called Heron’s formula 
after Heron of Alexandria (approximately 
A.D. 60). Some historians claim that the 
formula was known by Archimedes in the 
third century B.C. For more information, 
see A History of Greek Mathematics, Vol. 2 
(Heath, 1991, pp. 298-354). 


Figure 15 shows the four internal angle 
bisectors defining a cyclic quadrilateral. 


Figure 16 shows the internal angle bisectors 
concurrent at a point. 
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Explore: 


1. 
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If P is the intersection of the diagonals of a 
cyclic quadrilateral ABCD, then: 


AP * CP = BP * DP (Figure 17). 


This property is true only for cyclic 
quadrilaterals. Use Redefine Point to free 
a point from the circle, and then move it to 
show that the products given above are no 
longer equal (Figure 18). 


In Figures 19 and 20, points G and H are the 


intersection points of the perpendicular 
lines through point P and the diagonals of 
the quadrilateral. Points K, L, M, and N are 
the intersections of perpendicular lines 
through point P and the four sides of the 
quadrilaterals or extensions of the sides. 


The product of the distances from P to two 
opposite sides of the quadrilateral is equal 
to the product of the distances from P to 
the other two opposite sides of the 
quadrilateral. This product is equal to the 
product of the distances from P to the 
diagonals of the quadrilateral. 
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Construct and Investigate: 


This construction is relatively simple. Students 
can benefit from a brief introduction to vectors 
prior to working on this exploration, if this 
concept is new to them. A common error is 

to attach the vectors to the triangle instead of to 


the vertices of AABC (Figure 2). By dragging 
the vertices and P around the screen, students 
can detect this potential error before attempting 
more of the constructions in this activity. 


1. The sum of two vectors is always another 
vector. The three vectors that are the sum of 
pairs of the original vectors all pass through 
the midpoints of the sides of AABC. This 
conjecture can be proved by constructing 
the quadrilateral using P, the two vertices of 
AABC, and the end point of the resultant 
vector as vertices. 


In Figure 3, quadrilateral BDCP can be shown 
to be a parallelogram by the properties of 
vectors. The diagonals of the parallelogram are 
the side of the triangle and the vector. Because 
the diagonals of a parallelogram bisect each 
other, the conjecture is proved. 


The endpoints of the three vectors D, E, and F in 
Figure 4 are the vertices of ADEF. Triangle DEF 
is congruent to AABC, You can obtain ADEF by 


rotating AABC 180° in either of two ways: 


e around the point of intersection of two 
segments connecting corresponding points 
of the two triangles 


e about the midpoint of the resultant vector 
(Figure 5 and parts 3 and 4). 
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Construct and Investigate: 


1. 


Construct AABC, and place point P anywhere 
on the screen. Using the Vector tool, construct 
the three vectors from point P to the three 
vertices of the triangle. Drag point P around 
the screen to determine whether it is properly 
connected to vertices A, B, and C. 


Use the Vector Sum tool to sum the three 
vector pairs through point P. Click on any two pec nira 

of the vectors that you constructed in part 1 Figure 1 

above, and then click on point P (Figure 1). 

Repeat this step for the remaining vector pairs. 

Drag the three vertices of the triangle and point P around the screen to investigate relationships 
between and among the vectors and AABC. Be creative and follow up on any hunches that may 
come to you. Make conjectures about relationships that appear to be true and try to explain 

why they might be true, or show a counterexample. 


Find the vector sum of the three initial vectors that originate at point P. One way to find this 
sum is to select one of the initial vectors and the vector that is the sum of the other two initial 
vectors. This vector sum should have point P as its initial point. Throughout this activity, this 
vector is referred to as the resultant vector. Drag the vertices of AABC and point P around 
the screen to see whether you can determine any relationships that are always true between the 
triangle and the vector sum of the three original vectors. 


Determine a location for point P so that the terminal end of the resultant vector is at a vertex of 
AABC. Under what conditions is the terminal end of this vector on a side of the triangle? What 
region bounds the location of point P such that the entire resultant vector is inside AABC? 
Where is point P located when the length of the resultant vector is zero? What other property 
does this location appear to have? 


On anew screen, repeat constructions in parts 1 and 2 above, summing the vectors in pairs 
from point P. Hide AABC, and construct a hexagon using the Polygon tool to connect the 
endpoints of the six vectors from point P. Drag point P around the screen and investigate the 
properties of this hexagon. You may want to show AABC again to see whether any 
relationships are true when point P is located at special points of the triangle. 


Explore: 


1. 
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What relationships appear to be true if you repeat the preceding investigation using a 
quadrilateral instead of a triangle? Construct a quadrilateral, and place a point P anywhere 
on the screen. Construct vectors that originate at point P and end at the four vertices of the 
quadrilateral. Then, use Vector Sum on all pairs of these vectors. Are there any apparent 
patterns that carry over from your triangle investigations? List your conjectures, and explain 
why these are true, or give a counterexample. 


Find the resultant vector representing the sum of the four original vectors. See whether any 
relationships from the triangle investigation carry over to the quadrilateral. Write conjectures 
that appear to be true regarding the resultant vector from a point P and the original 
quadrilateral. Are there any special results that have interesting relationships when point P is 
placed at certain locations relevant to the quadrilateral? 
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Tessellations and Tile Patterns 


Definitions: 


Tessellation—covering, or tiling, of a plane with a pattern of figures so there are no overlaps 
or gaps. 

Monohedral tiling—tessellation made up of congruent copies of one figure. 

Dihedral tiling—tessellation using two different congruent figures. 

Trihedral tiling—tessellation using three different congruent figures. 


(Grunbaum and Shephard, 1987.) 


Construct and Investigate: 
1. 


Using the Regular Polygon tool, determine which 
regular polygons form monohedral, dihedral, or 
other tessellations of a plane. Draw a regular 
polygon, and use the Reflection tool to reflect the 
polygon across one of its own sides. Repeat this 
procedure on some or all sides of the polygon and 
its reflections to show a tiling pattern (Figure 1). TEG AUT 
Classify the regular polygons by the types of tiling 
patterns they make. 


Figure 1 


Use the transformational geometry tools Translation, Rotation, Reflection, and Symmetry to 
experiment with ways to tessellate the plane with an isosceles triangle. Does an isosceles triangle 
always tessellate the plane? Explain with examples or counterexamples, or both. 


Experiment with ways to tessellate the plane with a scalene triangle. Does a scalene triangle 
always tessellate the plane? Explain by showing examples and counter examples. 


Find at least two ways to tessellate the plane with a rectangle. Are there special cases that work 
better than others? Give examples and explain. Does any rectangle always tessellate the plane? 


Experiment with ways to tessellate the plane with a 
trapezoid. Some trapezoids tessellate because of their t----- -t ----- -a 
special properties (see Figure 2 and the chapter 
Investigating Properties of Trapezoids). Does a 
general trapezoid always tessellate the plane? Explain 
with examples and/or counterexamples. 


“ 


Rectangles and trapezoids are quadrilaterals. 
Experiment to see whether every quadrilateral #§= $= foo te Y 
tessellates the plane? What about a concave i 

quadrilateral? Explain with examples or Figure 2 
counterexamples, or both. 


| 
I 
I 
i 
i 
1. 
Pal 


Explore: 


1. 
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In part 1 above, you discovered that a regular pentagon will not make a monohedral tiling of 
the plane. Experiment to see whether any pentagons make a monohedral tiling of the plane. 
Show examples, and give the conditions under which these figures produce a tessellation. 


A regular hexagon makes a monohedral tiling of the plane. Find other hexagons that also make 
a monohedral tiling pattern. Show examples that work, and explain why. 


Geometric Investigations on the Voyage™ 200 with Cabri 25 


Teacher’s Guide: Tessellations and Tile Patterns Teacher’s Guide: Tessellations and Tile Patterns (cont.) 


2. One example of a nonregular hexagon that tessellates the plane is one with opposite sides 
parallel and two pairs of opposite sides of equal length. Using the Symmetry tool, you can form 
the tile pattern by rotating the basic hexagon through a series of half-turns about the midpoints 


Construct and Investigate: 


1. The extent of this activity is limited only by students’ willingness to experiment. Many more 


patterns exist than can be shown here. Have students drag the original figure to change its size 
and show that the pattern remains unchanged. Printing a hard copy of students’ work will 
preserve interesting patterns they discover. Let students be creative. Ask them to explain why 


of the sides of the figures. 


Figure 23 shows this tile pattern. Opposite 
interior angles of this hexagon are equal in 


eR ye Ale | 
137.739 


: , 0.51 
certain patterns work. pairs, and the sum of the measure of three = 


different angles is 360°. This makes the a! Gee ArmA 
llati ible b h 3 s s 
tessellation possible because these three OR 95.409 4 


different angles meet at the common > 
vertices of the tessellation, ensuring that Sun= 360.00 
there are no gaps or overlaps. BES ATA FUNC 


Three regular polygons, triangles, squares, 


and hexagons tessellate the plane with a 

monohedral pattern (Figures 3 and 4). 2 da ai 
Ask students to consider the degree 

measure of the interior angles of each 

regular polygon and what happens at a 

common vertex where a number of these 


figures come together. How many degrees = — — Another interesting hexagonal tessellation is 
must be accounted for so that no gaps or a “star burst” of semiregular hexagons with 


overlaps occur? z ep aL six equal sides that are parallel in opposite 
PR POPE AE eee | pairs (Figure 24). 


REFLECT THIS POLYGON 


Figure 3 


i Two of the opposite interior angles are 60°. 
The other four interior angles measure 150°, 
for a total of 720°, the sum of the measures 


of the interior angles of any hexagon. 


DEG AUTO 


Figure 4 
Other regular polygons form dihedral tiling ERE- EOLA Ee RNE 
patterns. 
A regular pentagon together with a rhombus © 


with sides equal to the length of the side of 
the pentagon tessellates the plane 
(Figure 5). 


Figure 24 


DEG AUTO 
Figure 5 
A regular heptagon together with a 


pentagon tessellates the plane. In this tiling 
pattern, is the pentagon regular (Figure 6)? 
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Explore: 


1. According to David Wells in The Penguin Dictionary of Curious and Interesting Geometry 
(Wells, 1991), there are currently 14 known monohedral pentagonal tilings. 


Probably the most famous of these 
pentagonal patterns is the “Cairo 
Tesselation” named after the Islamic 
decorations found on the streets of Cairo 
(Figure 20). 


While this pattern is made up of congruent 
pentagons, it can also be viewed as 
overlapping congruent hexagons that, in 
turn, can be seen as pairs of congruent 
isosceles trapezoids. This tessellation is 
constructed from an isosceles trapezoid 
with adjustable dimensions that is 
reflected, translated, and rotated to 
complete the pattern. 


Figure 20: The Cairo Pentagonal Tessellation 


K. Reinhardt described what was thought to be the complete list of the five possible types of 
monohedral pentagonal patterns in 1918. In 1967, Richard Kershner found three new patterns. 
Then in 1975, Richard E. James III discovered another new pattern. 


In 1976, Marjorie Rice, a nature artist from 
San Diego, found a new type of pentagonal 
tessellation shown in Figure 21. 


Four of the five sides of the basic pentagon 
are equal. This figure can be duplicated 
through a series of reflections, half-turns, 
and rotations. 


Figure 21: The Rice Pentagonal Tessellation 


three more new pentagonal tessellations 


Soon after the 1976 Rice pattern was found, a 
were found. 


Rolf Stein found the fourteenth known 
pentagonal tessellation in 1985 (Figure 22). 


No one knows whether there are other 
pentagonals, See whether you can find a 
new one! 


Figure 22: The Stein Tessellation 
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A regular octagon and a square tessellate 
the plane (Figure 7). 


A regular dodecagon and an equilateral 
triangle tessellate the plane (Figure 8). 


Reflecting an isosceles triangle over its 
own sides does not necessarily produce a 
monohedral tessellation unless the triangle 
is an equilateral or an isosceles right 
triangle. Place a vector on each side of the 
original isosceles triangle. Use the 
Translate tool to translate the original 
triangle, or any copies, by these vectors 

to produce a monohedral tiling pattern 
(Figure 9). 


Another way to produce the same tile 
pattern is to use symmetry (a half-turn or 
point reflection). Symmetry reflects the 
triangle through the midpoint of any side 
or through the midpoint of any side of a 
reflected triangle (Figure 10). 


The same construction can be done using 
the Rotation tool with a 180° angle of 
rotation. Once the students establish a 
pattern, it is very important that they drag 
the original figure to confirm that the 
pattern does not depend on only one shape 
but is true for all isosceles triangles. 


All of the methods that work for a 
general isosceles triangle also work for 
a scalene triangle. 


Figure 11 shows the original triangle 

and midpoint reflections of this triangle. 
Drag the vertices of the original triangle to 
show that these techniques work for any 
scalene triangle. 
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Figure 7 
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Figure 8 
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ha THIS TRIANGLE 
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Figure 9 


MILQINT DF THIS SIME OF THE TRIANGLE 
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Figure 10 
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Figure 11 
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To understand why reflecting through a 


midpoint produces a tessellation, number the 


original angles and follow the position of 


these angles through the point reflections. At 


each common vertex, the three angles of the 
original triangle are each represented twice, 
resulting in a total of 360° (Figure 11). 


Figure 12 shows the vector translation of 
the original triangle producing the same 
tiling pattern. 
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Figure 12 


You can tessellate the plane with a rectangle in the following three ways: 


e Reflect the rectangle with respect to its sides. 


e Translate the rectangle through vectors equal to the side lengths of the figure. 


e Rotate the rectangle through 180° about the midpoint of any side using the Rotate tool, 
or do a half-turn (or point reflection) using the Symmetry tool. 


In general, any trapezoid tessellates the 
plane. Reflect the original trapezoid (or any 
images of it) through the midpoints of its 
sides to produce the monohedral tiling 
pattern shown in Figure 13. 


A reflection through a point is the same as a 
180° rotation about that point. This rotation 
is also known as a half-turn. Drag the vertices 
of the original trapezoid to show that the 
pattern is the same for any trapezoid. 


The trapezoid in Figure 2 tessellates the 
plane using two reflections and a rotation 
about a vertex or two reflections and a 
translation. 


Figure 14 shows both methods. 


e The first-level tessellation is two 
reflections and a translation. 
(Notice the vector on the slanted 
side of the trapezoid in the lower 
right-hand corner.) 


e The second-level tessellation is two 
reflections and a rotation of 90° about 
the midpoint of the shorter base. This 
trapezoid is a combination of a square 
and half of the same square. 
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Figure 13 
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Figure 14 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


© 2003 TEXAS INSTRUMENTS INCORPORATED 


Teacher’s Guide: Tessellations and Tile Patterns (cont.) 


Other special trapezoids tessellate 
the plane by using some or all of the 
transformations available on the 
Voyage™ 200. 


Figure 15 


The trapezoids in Figure 15 and Figure 16 
are made of three congruent equilateral 
triangles with all angles either 60° or 120°. 


Figure 16 


Figure 17 shows trapezoids formed by 
two congruent squares combined with a 
30° 60° 90° triangle. 


Because these examples can be dissected 
or expanded into infinitely many identical 
parts, all represent monohedral tilings. 


Figure 17 


6. Any quadrilateral tessellates the plane by a 


180° rotation about the midpoint of its sides 
(Figure 18). This is true for convex as well 
as concave quadrilaterals (Figure 19). 


When the original quadrilateral and its 
images are rotated 180° about the midpoint 
of its sides, the four angles share a common 
vertex. Common sides align with each other 
forming a monohedral tessellation. 


Figure 18 shows the angles of this 
tessellation numbered so that the pattern 
is clear. Because the sum of the interior 
angles of any quadrilateral is 360°, when 
these four angles share a common vertex, 
the rotated figures cover the plane with no 
gaps or overlaps. 


Figure 19 
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